THE CHINESE UNIVERSITY OF HONG KONG
DEPARTMENT OF MATHEMATICS
MATH2010C/D Advanced Calculus 2019-2020

Solution to Midterm Examination

1. (12 pts) Answer the following questions.

(a) Find the equation of plane II passing through the point (2,3, —1) and parallel to the plane 3z —4y+7z = 1.
(b) Find the distance between the two planes in part (a).

(¢) Find the angle between the plane IT and the plane 8z + 3y — z = 2.

Ans:

(a) Since the plane II is parallel to 3z — 4y + 7z = 1, it has an equation of the form 3z — 4y 4+ 7z = a for some
real number a.
Put (2,3,—1) into it, we have 3(2) — 4(3) + 7(—1) = a and so a = —13.
Therefore, equation of II: 3z — 4y + 72z = —13.

(b) Method 1:
1—(-13) T4
VBZE+ (42 +72| VT 3T

By formula, distance =

Method 2:
Let L be the line through (2,3, —1), since L L TI, L can be given by the following parametric equation:

L(t) = (2,3, —1) + (3, —4,7) = (24 3t,3 — 4t, -1 + Tt)

Put it into 3z — 4y + 7z = 1, we have

32+3t) —4B3—-4t)+7(-1+7t) = 1
13474 = 1
LT
3T
7
Therefore, L intersects the plane 3z — 4y + 7z =1 at L(ﬁ) and the distance between the planes

7 7 7 774
— oLy o) = L6471 = LT (a2
H () <0>H H37< )H L Er =

Angle between planes = Angle between normals
8,3,—1)-(3,—4,7
:COS_1<(” )(7 a))
18,3, =D B, =4, 7|

5
— —1
= coS 7

2. (6 pts) Compute the arclength of the curve y(t) = (t2,2t,Int) for 1 < ¢ < 5.

Ans:



1
We have y(t) = (t2,2t,Int) and +/(t) = (2,2, ;) Then,

5
Arclength = /||’y'(t)||dt
1

5
/\/(2t)2+22+(1)2dt
1
5 1
2 —_
/1 4t +4+t2 dt
5 1
/ (2t +-)2dt
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[

° 1
= /2t+fdt
1 t

= [+ Int]}

= 24+1Inb

3. (10 pts) Evaluate the following limits or show they do not exist.

2, _ .3
(a)  lim ry-y
(z,9)—(0,0) 22 + y?

23y — 2%y — 3xy?

b lim
() (2,9)—(0,0) zt +y?
Ans:
(a)
22y — o3 . r3cos?fsinh — r3sin® 9
i —— = = lim
(@y)—(0,0) T2+ y? r—0 r?

= lim r(cos? #sin @ — sin® )
r—0

=0 (By sandwich theorem)

(b) We study the limits along different paths.

3, 2. 2 3, _ ()24 _ 2
i Ty zty—deyt (07— (0% -3y 0
(z,y)—(0,0) x4 y2 y—0 (0)* + 2 y—0 12
=0
and
. 23(2?) — 22 (2?) — 3x(2?)? . —22° — ot . —2x—1 1
lim =lim ——=1lm —— = ——
(2,y)—(0,0) xt + (22)? w0 2zt =0 2 2
y=zx
3., 2, 3 2
The two paths give different limits and so lim Ty f Y 5 Y does not exist.
(z,y)—(0,0) Tt +y
e:ry+6
4. (10 pts) Let B
(10 pt9) Let f(o.) = 55

(a) Find df, the differential of f.
(b) Use the result of (a) to approximate the change in f when (z,y) changes from (—2,3) to (—1.9,2.95).

Ans:
eTY+6
= - d 3
(a) f(z,y) 144z + 3y and so
o o 4 3 1 zy+6 _ 4 zy+6 4 3 1 Ty+6 _ 3 zy+6
dfz—fdac—i——fdy:(x"' y+ 1)ye e d:v+(x+ Y+ )xe e dy.
Ox oy (dx +3y+1)2 (dz +3y +1)?



(b) Put (x,y) = (-2,3), de = —1.9 — (—=2) = 0.1 and dy = 2.95 — 3 = —0.05, so

e? — (4)e?
(2)?

5. (10 pts) Lef f(x,y) = In(30 — 10z + 2% + 32).

Af~df = 26G) (0.1) +

(—0.05) = 0.05 + 0.0875 = 0.1375

(a) Draw the level set of f through the point (2,4). Label all its intercept(s).

(b) Find the direction where f decreases most rapidly at the point (2,4).

Ans:

(a) Lef f(z,y) =In(30 — 10z + 22 + y?) and then f(2,4) = In30.
If f(x,y) = f(2,4), then In(30 — 10z + 22 + y?) = In 30 and so 2% — 10x + y? = 0. It can be expressed as
(x — 5)? + y? = 5% which gives the circle centered at (5,0) with radius 5.

of of —10 + 2z 2y
b) Note that Vf = (2L, %Ly = , :
(b) Note that Vf = (7 3y) (30710x+x2+y2 30—10z+x2+y2)
1 4
Therefore, the direction where f decreases most rapidly at the point (2,4) = —=V f(2,4) = (5’ _B)

6. (10 pts) Suppose that f : R® — R is C* function and there exists a positive integer n such that f(tx,ty,tz) =
t"f(x,y, z) for all t € R and (x,y,2) € R3.

(a) Show that
of of . of _

Tor "oy T 7o, ="
of . of
= 1,1,1)=1. F h 1 f —-3,—3,-3).
(b) Suppose n =7 and 63361/8,2(’ 1) ind the value o 8x8y62( 3,-3,-3)

Ans:

(a) We have f(tz,ty,tz) =t"f(z,y,2), then we differentiate both sides with respect to ¢ and get

of of of
x%(tx,ty,tz) + ya—y(tx,ty,tz) + 73

—Z(tx, ty,tz) = nt”_lf(x, Y, 2).

Put ¢t = 1, then we have
flta, ty, tz) =" f(z,y, 2)

(b)
fltz, ty, tz) = t"f(z,y,2)
(Take %) t%(tw,ty,tz) = t"%(m,% 2)
(Take 5%) t2 68;(;; (tx,ty,tz) = t" ;:afz (x,y,2)
(Take %) tsax[j;&z(tx,ty,tz) = t”af;;&:(x,y, 2)
Putt=-3,n=7 x=y=2=1, we have
(=3’ &Ea;yfaz(_g’ -39 = (_3)78:?;;82(1’ L)
ot (8.-8,-8) = (30
= 81



7. (22 pts) Let
/xy? sin z if y#0;
Y

flxy) =
0 if y=0
(a) Show that f is continuous at (0, 0).
of _ of _
(b) Show that %(0, 0) =0 and 9y (0,0) = 0.

4
(c) Let u= <_§’ 5). Compute the directional derivative V4, f(0,0) = D, f(0,0).

(d) Determine all the point(s) for which f is differentiable? Prove your assertion.
Ans:

(a) Note that 0 < |f(x,y)| < |/ xy?| near (0,0) and  lim |v/zy?| = lir% 7|V cos @ sin? 6] = 0.
r—

(z,y)—(0,0)

By sandwich theorem, lim |f(z,y)| = 0 which implies  lim  f(z,y) =0.
(2,y)—(0,0) (2,y)—(0,0)

We have  lim  f(z,y) = 0= f(0,0) and so f is continuous at (0,0).
(z,9)—(0,0)

Comment: When you evaluate ( %im(O 0 f(z,y), you are looking at the behaviour of the function f(z,y)
,y)—(0,

near the point (0,0), so you may not say  lim  f(x,y) = lim +/ay?sin T since f(z,y) = 0 but
(z,y)—(0,0) (z,y)—(0,0) Y

not v/ xy? sin = when (x,y) = (z,0).
Y

(b) We have
af _ f(h,O) f(0,0) _ 0-0
A R S R
" O sn ()
of B f(0,k) — f(0,0) .. /(0)(k)?sin(3) —0
i Y
(c)
= i V(3062 Sm( 5 )
- t

Comment: We have the fact that if f is differentiable at (0,0), then V f(0,0) - u = Dy f(0,0). However,

we do not know whether f is differentiable at (0,0) at this moment (and in fact it is not).

(d) e Note that Vf(0,0)-u=0-u=0% Dyf(0,0), so f is not differentiable at (0, 0).

e For x # 0,
2y =0 o 3
. Vaxk?sin(§)
= lim
k—0 k

which does not exist for any x # 0.
Therefore, f is not differentiable at (x,0) for = # 0.



e For y #0, f(0,y) =0 and so ?(O,y) = 0. Also,
Y

of o
Y/ hy?sin(2) — 0
= lim
h—0 h
— fim (Y23 in( "
= lim(3) Sln(y)
sin(2
— hm(ﬁ)2/3 l }Ey)‘|
h—0"Yy (g)
= (0)1)
=0
For x # 0, y # 0,
of Lox o3 1/3 r
—(z, —(—= sin(—) + cos(—
) = i) + () o)
of 2.2 5 . T T3] x
—(z, = Z(=)/sin(=) - (= —) cos(—
o) = S - ()P eos(C)
Both %(m,y) and g—g(az,y) are continuous and (m,y)lgr(lo,yo)% z,y) = (a:,y)gl(lo,yo)%z(x’y) = 0 for

Yo # 0. Hence, f is C* on {(z,y) € R? : y # 0} which implies f(z,y) is differentiable for y # 0.
Therefore, the set where f is differentiable is {(z,y) € R? : y # 0}.

Comment: Since the function /z is not differentiable at x = 0, you may not say +/xy? is differentiable
for all (z,y) € R%



